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Advective transport in the percolation backbone in two dimensions
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We show that, in the case of advective transport on the percolation backbone, the relevant structure below
the correlation length is an ensemble of tortuous paths, rather than the classical links-nodes-blobs system.
These paths are embedded in the few largest blobs that dominate the structure of the backbone. We find
numerically that the mean particle displacement differs from the prediction given by classical finite-size scaling
arguments. We also show that because of the complex velocity distribution between the paths, the mean
first-passage time of the particles cannot be inferred directly from the mean particle displacement.
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Numerous environmental issues, such as the storage @hd ., =0.9826+0.0008[13], so that(T)~ 1625800016 A
nuclear wastes in underground repositories, require the Unkonsistent numerical resu{ff)~ L4 %92 has been found

derstanding and modeling of chemical transport in geologicahn a dipole geometrj11]. The mean flow velocity(U)
formations. This problem has been addressed experimentalglCales ad /(T), i.e.,(U)~L ¥ with Y=dg+ -2

in different porous and fractured media,2] and theoreti-
cally by a broad range of framework3,4]. The structure of
the percolation cluster at criticality is a useful model for
numerous porous and fractured mefhg6]. While diffusive
processes on the percolating cluster have been treated @g

many studieg7], fewer studies have considered advective locity is insensitive td for tracer distances smaller than
, I N ) . . i
processe$8—11]. In the pure advective case, the mean ve-g(x) X" 8], finite-size scaling arguments give by integra

locity and the dispersivity on percolating clusters have beer%'on’

estimated in systems of increasing sizes using finite-size (Ry~tY(1+9), 2)
scaling arguments explicitly8] or implicitly [9—11] to infer
the temporal evolution of the particles within a given system. We derive the time dependence of the mean position of
We compute directly the mean particle velocity and thethe tracer from the links-blobs structure of the backbone at
dispersivity of advected “particles’(representing chemical threshold. At threshold the backbone consists of blobs in
mass$ within percolation systems, and find, below the corre-series[6] (red links, i.e., singly connected links, are consid-
lation length, different predictions from the one given by ered as blobs of unit masdUsing the argument di8] on a
finite-size scaling arguments. We show that both the classic#jlob, the average time spent by a particle in a blob is pro-
finite-size scaling arguments and consideration of the classportional to the mass of the blatdivided by the flow within
cal structure of the backbone made up of links, nodes, anfe system of size, that iss/L—~*1. The number of blobs
blobs[6], do not lead to correct estimates of pure advectiveys masss in a system of sizd is ng(L)~ L%rs™(1+dr/dg),

transport. Between two consecutive nodes, the backbonghered is the exponent describing how the number of red
structure is dominated by its largest blob. Within this blob,|inks increases with. [14]. The average time spent between
transport is influenced by the flow path tortuosity and by they,q red links separated b scales as the sum of the times
multifractal nature of the velocity fielfl12]. Moreover, the spent in the blobs separating the two red links. L)
complexity of the velocity field entails a nontrivial relation _ o-1.4564 [14], the sum of the times is dominated by the
between the mean .first-passage time of the particles and trI‘&rgest time spent in the largest blob. For the same reason,
mean particle position. , o the mass of the backbone between two points separat&d by
_We recall briefly how the mean particle velocity is deter-js qominated by the mass of the largest blob, so that the mass
mined classically by finite-size scaling arguments on a Peryt the largest blob scales & and its size scales & a
fect self-similar geometrj8] or on the percolating cluster at result that we will use below. We thus deduce that the aver-

threshold[9]. The average timéT) spent by a particle in a age time spent between two red links separate® sjould
system of sizé is equal to the volume of the system divided

by the boundary outflowQ. For the backbone at threshold
and for unit potential gradient boundary conditions, <t>~RdBL,}1 3)

Based on finite-size scaling argumef&8], for spatial
scalegR) lower thanL, the mean velocity should generalize
to the formd(R)/dt~L~*g((R)/L), where(R) is the aver-

e position of the tracer artdis the time. Assuming that

(Ty~Ldstrml (1) which reduces to Eq1) whenR=L.
5 In order to analyze the evolution of the spatial and tem-
wheredg and u are, respectively, the fractal dimension of poral characteristics of the particle plumes, we have set up a
the backbone and the characteristic exponent of the permeumerical experiment on a classical percolating system,
ability dependence with scale. Nowdg=1.6432-0.0008 made up of unit-length elements whose position and orienta-
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FIG. 2. Normalized mean of the particle positid{iR)(t)/L) at
normalized fixed timet((T)) (top points and solid lineand nor-
malized spatial positionR/L) against the normalized average time
at which this position is crossdd)/(T) (bottom points and dashed
line). The solid and dashed lines are the best linear fits to the data.

FIG. 1. Flow in the backbone, generated at threshold for which
L=75 wherelL is the size of the system. The largest blob lying where(T) is given by Eq(1). Results4) and(5) differ from
between the upper edge and the first red link is cut by the systerthe predictions given by finite-scaling argume(®s and by
boundary and occupies most of the system. The gray scale is prgrse of the links-blobs-nodes structure of the backb@e
portional to the flow values with the maximal flow value for the red respectively. Moreoves # 1/7, showing that time and spatial
links represented in black and the minimal values about five Orderéverages are not directly related.
less than the maximal value represented in light gray. We explain first why the estimated and computed mean

. _ first-passage time&) and (4) differ. The average timel(t)

tion are chosen randomly in a system of slzeThe con-  aaded for a particle to cross a slice of widtR depends
nected cluster is extracted from the system and the flo nly on the system geometry. As pointed out [}, this
equation is solved on this structure using Kirchoff's law atmeans, especially, thal(t) does not depend on the ’particu—
the Intersections _and Darcy’s law in th? seg_meiﬁtg. 1. A lar shape of the particle velocity distribution. Rathdt)
detailed description of the used algorithm is given[18].  gopj05 a5 the mass of the backbone, i.e., the number of paths

The system boundary conditions are a unit potential dropN(R L) times the average path tortuosityl)/dR, divided
between the two horizontal edges of the system and imper5y tFle boundary outflov® [8] '

vious vertical edges. To simulate transport, we used a stan-

dard particle-tracking algorithm, based on flux-weighted dis- d(t) N(R,L) d(I)

tributions of particles at intersectiond6]. Particles are ar Q ar (6)
introduced along one edge of the system; the probability of a

particle entering a segment at this edge is equal to the flowntensive numerical simulations f&in the range 1—200 and

through this segment divided by the total flow through thet jn the range 18-10° demonstrate that, independenttpf
system. We used 81C° particles for each realization and

sampled from 100 to 1000 different realizations for each (Hh~R? with §=1.16+0.01, (7
computation. We checked systematically that the number of
particles did not influence the results in a range of-1100P N(R)~R” with »=-0.19, (8)

particles. Numerical simulations giva)~L6%%%2for L in . . .

the range 5-150, which is consistent with the theoreticaleading tor=45+v. The decrease dfl with R (8) entails a

predictions given by Eq(1). speed up of th_e partlcle_s sll_ghtly Iarg_er than the _slow down
The mear(R) of the particle positions at a fixed tinte due to.tortuosny, re_sultmg ina sublinear evolution of the

and the meart) of the first-passage time distribution at a Mean first-passage tin{¢) with R.

fixed positionR were computed directly(R) was taken in The decrease dfi with R (8) derives from the structure of

the time range in which none of the particles leaves the sysdhe backbone. Because the size of the largest blob in a sys-

tem; this generally occurs wheéR) reaches about half df. tem of sizeL s_cales ag, itis Ilkely_to be _cut by the sides of

From intensive numerical simulations for system sizes rangthe system(Fig. 1). In fact our simulations show that the

ing from 20<L <200 (some of which are shown on Fig),2 _position of the first red link enqountered_ by a particle, defir_1-
ing also the extension of the first blob, is at an average dis-

we find that :

tance ofL/3 from the system edge. In this truncated blob, the

(t) R\ " number of paths decreases from the system edge where it is

WN(E) with 7=0.97+=0.01, (4) statistically maximal to the first red link where it is equal to
one. At scales lower thah/3, the geometrical structure rel-
evant to advective transport is a set of tortuous paths of de-

@:(L)p with p=0.83+0.01 5) creasing numbeN given by Eq.(8), while (t) behaves ac-
L (T) P o cording to Eq.(4). At scales larger thah/3, when particles
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P increases aév ((R)(t)))~t%1% These behaviors explain the
absence of a simple relation between the temporal and spatial
characteristics of the particle plumg)(R), and({R)(t), re-
spectively. It is not only the first momefi ((R)(t))) of the
velocity distributionP,(v,(R)(t)) that changes withR)(t)
but more generally the whole distributid?,(v,(R)(t)) as
shown by the difference of the black solid and dashed line on
Fig. 3. The velocity distribution is thus a nonstationary mul-
tifractal, with the nonstationarity coming from the spatial
variations of the distribution. A unified characterization of
e s o ot the velocity distribution and of its consequences on the spa-
tial and temporal variations of the moments of the particle
v plume are currently investigated and would be presented in
another report.

10%4
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FIG. 3. Comparison of different velocity distributions. Particle . o
velocity distributions at fixed tim®,(v,t) (gray curveand at the For systems above the percolation threshold, we verified

corresponding mean particle positih(v,(R)(t)) (black curves numerically that, below the correlation lengtfR)(t) is de-
in a system of sizé& = 120. The velocity distribution represented by Scribed by Eq(5) and not by Eq(2). Below the correlation

the solid and dashed lines are taken (&) (t) equal to 5 and 30, length¢, a particle is likely to be launched into the largest
respectively. blob and to travel within this largest blob on a tortuous path

to reach the first node. Above the correlation length, we

- ' . . found that the advective transport is normal, leadingR:
have statistically crossed the first red link, particles see a_ ¢ P 4RY

series of links and blobs and) behaves according to Eq. '.I'o conclude, in the temporal analysis, the mean time of

(3). The scaling analysis yields only the first regime. the first-passage time distribution depends only on the sys-

;—?56) ?#matled al?d compu}et(:] mtean p?rtlclef[;ﬁSItl(@D]S ttem geometry and is conditioned by the largest blob. In the
an dirrer aiso because ot the runcation of the 1arges spatial analysis, the mean position of the particles is mostly
blob. Finite-size scaling arguments implicitly assume that th

. that & owed down by the tortuosity, the velocity being almost
largest blob encountered by a particle on a characteristic d'%onstant. When comparing the spatial and temporal ap-

tanceR is smaller tharR. In this framework, the anomalous proaches, the average tinfé) to reach the positiomR is
slow advection comes from the increasing probability for theIarger tha,n the time to reach the mean positigd [(R)(t)
partlcle to encounter larger blobs and hence_z smaller veloml-ies aboveR((t)) in Fig. 2] because, foR((t)) all particles
ties. On the contrary, we haye seen that the first blob encoulyave experienced slow velocity zones, increasing their travel
tered by the particle has a size of the order of the system S'Z%me whereas, fo(R)(t), particles may still be trapped in
The anomalous transport is thus due to the structure of th ' ! '

first truncated blob rather than to the succession of blobs of - .SlOW velocity zones. .
varying sizes Finally we compare our results to classical transport theo-

ries by computing the spatial and temporal standard devia-

; eIZ:/eedec)j(il?(lail'gyﬂE;II%;Y(?thlgetﬁgdpgﬁgllglvae\fgrr:?t?/egigrr?bﬂ?tﬁons of particle locationsgg and oy, respectively. We find
that og/o ~{tH{TH)%™® with o ~L* and oo

tion P,. The comparison of the particle velocity distribu- 0.55 - : 139 : .
P - : R
tions at fixed times,(v,t) (gray curves in Fig. Band at the (RIL) W'thNUTl,(lliw) - For o, this .nu.mfar}cal result
corresponding mean particle positioRs(v,(R)(t)) (black differs from og~L , predicted by finite-size scaling
P 9 P P RS, argumentg8]. For o, the value of the exponent 0.55 and

curves in Fig. 3 shows that, at fixed timeis particles have g}e above results established ¢f) show that the first-

smaller velocities than at the corresponding mean position assage time mean and standard deviation behave almost as
(R)(t). Particles experience a large range of velocities ann@ 9

their path through the system and their probability to be ad" 326 normal dispersion case, for whict)~R and o
vected by a small velocity increases with time. This tendency - R
is confirmed by the computed mean particle velocities. At The authors thank Harvey Scher and Gennady Margolin
evolving times, the mean particle velocity decreagest)) for fruitful discussions. This work was supported by the Eu-

~t~%94 whereas for the corresponding mean positions, iropean Commission, Contract No. ENV4-CT97-0456.
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